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Abstract
Let G be a connected graph with at least two vertices and S a ct-set of G. A subset
T � S is called a forcing subset for S if S is the unique ct-set containing T. The
forcing total domination number of S, denoted by fctðSÞ, is the cardinality of a
minimum forcing subset of S. The forcing total domination number of G, denoted by
fctðGÞ is defined by fctðGÞ = min ffctðSÞg, where the minimum is taken over all
minimum total dominating sets S in G. Some general properties satisfied by this
concepts are studied. The forcing total dominating number of certain standard graphs
are determined. It is shown that for every pair a, b of integers with 0� a\b and
b� 1, there exists a connected graph G such that fctðGÞ ¼ a and ctðGÞ ¼ b, where
ctðGÞ is total domination number of G. It is also shown that for every pair a,b of
integers with a� 0 and b� 0, there exists a connected graph G such that fctðGÞ ¼ a
and fcðGÞ ¼ b, where fcðGÞ is the forcing domination number of G.
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1 Introduction

By a graph G = (V,E), we mean a finite undirected connected graph without loops or
multiple edges. The order and size of G are denoted by n and m respectively. For
basic definitions and terminologies we refer to [4]. Two vertices u and v are said to be
adjacent if uv is an edge of G. The open neighbourhood of a vertex v in a graph G is
defined as the set NGðvÞ = fu 2 V ðGÞ : uv 2 EðGÞg, while the closed neighbourhood
of v in G is defined as NG½v� ¼ NGðvÞ [ fvg. For any vertex v in a graph G, the
number of vertices adjacent to v is called the degree of v in G, denoted by degGðvÞ. If
the degree of a vertex is 0, then it is called an isolated vertex, while if the degree is 1,
it is called an end-vertex. The minimum degree of vertices in G is defined by
dðGÞ ¼ minfdegðvÞ : v 2 V ðGÞg. The maximum degree of vertices in G is defined by
MðGÞ ¼ maxfdegðvÞ : v 2 V ðGÞg. A vertex v is called a universal vertex if
degGðvÞ ¼ n� 1. For any set S of vertices of G, the induced subgraph G[S] is the
maximal subgraph of G with vertex set S.

A subset S � V ðGÞ is called a dominating set if every vertex v 2 V ðGÞnS is
adjacent to a vertex u 2 S. The domination number cðGÞ of a graph G denotes the
minimum cardinality of such dominating sets of G. A minimum dominating set of a
graph G is hence often called a c-set of G.

A vertex v of a connected graph G is said to be a dominating vertex of G if v
belongs to every c-set of G. If G has a unique c-set S, then every vertex of S is a
dominating vertex of G. A total dominating set of a graph G with no isolated vertex
is a set S of vertices of G such that every vertex is adjacent to a vertex in S. The total
domination number ctðGÞ of G is the minimum cardinality of total dominating sets S
in G. A minimum total dominating set of a graph G is hence often called a ct-set of
G. These concepts were studied in [2, 3, 5–7].

The forcing set in a graph is a very interesting concept. In the management of a
company, the executive committee consists of senior members who have adequate
rapport with other members of the company. Some members of the executive
committee may sit in other important committees also. Sometimes, restrictions are
imposed on members that they can be part of exactly one committee. This precisely
leads to the concept of the forcing set. Let S be a c-set of G. A subset T � S is called
a forcing subset for S if S is the unique c-set containing T. A forcing subset for S of
minimum cardinality is a minimum forcing subset of S. The forcing domination
number of S, denoted by fcðSÞ, is the cardinality of a minimum forcing subset of S.
The forcing domination number of G, denoted by fcðGÞ, is fcðGÞ ¼ minffcðSÞg,
where the minimum is taken over all c-sets S in G. The forcing concept was first
introduced and studied in minimum dominating sets in [1]. Many authors have
studied this forcing concept with respect to several parameters like domination,
geodetic, Steiner, hull, detour, monophonic, etc. In this paper we study the forcing
concept with respect total domination. Throughout the following G denotes a
connected graph with at least two vertices. The following theorem is used in the
sequel.

Theorem 1 [1] Let G be a connected graph and W be the set of all dominating
vertices of G. Then fcðGÞ� cðGÞ � jW j
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2 The Forcing Total Domination Number of a Graph

Definition 1 Let G be a connected graph with at least two vertices and S a ct-set of
G. A subset T � S is called a forcing subset for S if S is the unique ct-set containing
T. A forcing subset for S of minimum cardinality is a minimum forcing subset of S.
The forcing total domination number of S, denoted by fctðSÞ, is the cardinality of a
minimum forcing subset of S. The forcing total domination number of G, denoted by
fctðGÞ is defined by fctðGÞ = min ffctðSÞg, where the minimum is taken over all
minimum total dominating sets S in G.

Note 1 A forcing set T of vertices of G uniquely determines a ct-set containing T.

Example 1 For the graph G given in Fig. 1, S1 ¼ fv2; v3g is the unique ct-set of G so
that ctðGÞ ¼ 2 and fctðS1Þ ¼ 0. Also S1 ¼ fv2; v3g, S2 ¼ fv1; v3g and S3 ¼ fv2; v4g
are the only three c-sets of G such that fcðS1Þ = 2, fcðS2Þ ¼ fcðS3Þ = 1 so that
cðGÞ ¼ 2 and fcðGÞ ¼ 1. For the graph G given in Fig. 2, M1 ¼ fv2; v3; v4g,
M2 ¼ fv1; v2; v3g,M3 ¼ fv1; v4; v6g andM4 ¼ fv4; v5; v6g are the only four ct-sets of
G such that fctðM1Þ = fctðM2Þ ¼ fctðM3Þ ¼ 2 and fctðM4Þ ¼ 1 so that ctðGÞ ¼ 3 and
fctðGÞ ¼ 1. Also M5 ¼ fv2; v4g is the unique c-set of G so that cðGÞ ¼ 2 and
fcðM5Þ ¼ 0.

The next theorem follows immediately from the definition of the total domination
number and the forcing total domination number of a connected graph G.

Theorem 2 For any connected graph G, 0� fctðGÞ� ctðGÞ.
In the following we determine the forcing total domination number of some

standard graphs.

Theorem 3 For the path G ¼ Pnðn� 4Þ,

fctðPnÞ ¼
0 if n ¼ 5 or n � 0 (mod 4)
1 if n is odd and n 6¼ 5
2 n � 2 (mod 4) :

8<
:

Proof Let V ðPnÞ ¼ fv1; v2; :::; vng.
Case 1. n is odd.
Subcase 1 (i). Let n ¼ 5. Then S ¼ fv2; v3; v4g is the unique ct-set of G, so that

fctðPnÞ ¼ 0:

Fig. 1 A graph with fct ðGÞ ¼ 0
and fcðGÞ ¼ 1

123

Graphs and Combinatorics          (2022) 38:142 Page 3 of 12   142 



Subcase 1 (ii). Let n 6¼ 5 and n ¼ 2mþ 1 and m� 3. Then S ¼
fv1; v2; v5; v6; v9; v10; :::; v2m�1; v2mg is the unique ct-set of G containing v1 so that
fctðPnÞ ¼ 1:

Case 2. n is even.
Subcase 2 (i). Let n � 0 (mod 4)
Let n ¼ 4m and m� 1. Then S1 ¼ fv2; v3; v6; v7; v10; v11; :::; v4m�2; v4m�1g is the

unique ct-set of G so that fctðPnÞ ¼ 0:
Subcase 2 (ii). Let n � 2 (mod 4).
Let n ¼ 4mþ 2 and m� 2. Let S be any ct-set of G. Then it is easily verified that

any singleton subset of S is a subset of another ct-set of G and so fctðPnÞ� 1. Then
S1 ¼ fv1; v2; v5; v6; v8; v9; :::; v4m; v4mþ1g is a ct-set of G. Since S1 is the unique ct-set
of G containing fv1; v4mþ1g, fctðPnÞ ¼ 2.

Let n ¼ 4mþ 2 and m ¼ 1. Now S1 ¼ fv1; v2; v5; v6g, S2 ¼ fv1; v2; v4; v5g, S3 ¼
fv2; v3; v4; v5g and S4 ¼ fv2; v3; v5; v6g are the only four ct-sets of G such that
fctðS1Þ ¼ 2,fctðS2Þ ¼ 2, fctðS3Þ ¼ 2, fctðS4Þ ¼ 2 so that fctðPnÞ ¼ 2. h

Theorem 4 For the complete graph G ¼ Kn ðn� 2Þ, fct ðGÞ ¼ 1.

Proof Let V ðKnÞ ¼ fv1; v2; :::; vng. Then Si ¼ fvigð1� i� nÞ is a ct-set of G and so
ctðGÞ ¼ 1. Since n� 2, G has at least two ct-sets. Then by Theorem 2, fctðGÞ ¼ 1. h

Theorem 5 For the complete bipartite graph G ¼ Kr;sð1� r� sÞ,
fctðGÞ ¼

0 for r ¼ 1; s� 2
2 for 1\r� s

�

Proof Let U ¼ fu1; u2; :::; urg and V ¼ fv1; v2; :::; vsg be the bipartite sets of G.
Case1. Let r ¼ 1 and s� 2. Then S ¼ fu1g is the ct-set of G. So that ctðGÞ ¼ 0 .
Case 2. Let 1\r� s. Then Sij ¼ fui; vjg ð1\i\r; 1\j\sÞ is a ct-set of G and so

ctðGÞ ¼ 2. Since any singleton subset of Sij is not a forcing subset of Sij; fctðGÞ� 2.
Then by Theorem 2, fctðGÞ ¼ 2. h

Theorem 6 For the cycle G ¼ Cnðn� 4Þ,
fctðCnÞ ¼ 2 if n is odd or n � 0 (mod 4)

4 if n � 2 (mod 4)

�

Fig. 2 A graph with fctðGÞ ¼ 1
and fcðGÞ ¼ 0
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Proof Let V ðCnÞ ¼ fv1; v2; v3; :::; vn; v1g:
Case 1. n is odd.
Let n ¼ 2mþ 1;m� 2. Then any singleton subset of S is a subset of another ct-set

of G and so fctðCnÞ� 1.
Subcase 1 (i). nþ 1 � 0 (mod 4).
Let n ¼ 4k � 1, k� 1. Then S ¼ fv1; v2; v5; v6; v9; v10; :::; v4k�3; v4k�2g is the

unique ct-set of G containing fv1; v10g so that fctðCnÞ = 2.
Subcase 1 (ii). n� 1 � 0 (mod 4).
Let n ¼ 4k þ 1, k� 1. Then S ¼ fv1; v2; v5; v6; v9; v10; :::; v4k�3; v4k�2; v4kþ1g is

the unique ct-set of G containing fv2; v4kþ1g so that fctðCnÞ ¼ 2.
Case 2. n is even.
Subcase 2(i). Let n � 0 (mod 4).
Let n ¼ 4k; k� 1. Then S ¼ fv1; v2; v5; v6; v9; v10; :::; v4k�3; v4k�2g is the unique

minimum total dominating set of G containing fv1; v2g, fv5; v6g,...,fv4k�3; v4k�2g so
that fctðCnÞ ¼ 2.

Subcase 2 (ii). Let n � 2 (mod 4).
Let n ¼ 4k þ 2, k� 1. Let S be any ct-set of G. Then any one element or two

element or three element subset of S is a subset of another ct-set of G and so
fctðCnÞ� 4. Now S1 ¼ fv1; v2; v5; v6; v9; v10; :::; v4kþ1; v4kþ2g is a ct-set of G. It is
easily seen that S1 is the unique ct-set of G containing fv1; v2; v4kþ1; v4kþ2g so that
fctðCnÞ ¼ 4. h

3 Some Results on the Forcing Total Domination Number of a Graph

Definition 2 A vertex v 2 G is said to be a total dominating vertex of G if v belongs
to every ct-set of G.

Example 2 For the graph G given in Fig. 3, S1 ¼ fv1; v2g and S2 ¼ fv2; v4g are the
only two ct-sets of G. Since v2 belongs to every ct-set of G; v2 is the unique total
dominating vertex of G.

The proofs of the following theorems are straight forward so we omit the proofs.

Theorem 7 Let G be a connected graph. Then

(i) fctðGÞ ¼ 0 if and only if G has a unique ct-set.

Fig. 3 A graph with total
dominating vertex v2
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(ii) fctðGÞ ¼ 1 if and only if G has at least two ct-sets, one of which is a unique
ct-set containing one of its elements, and

(iii) fctðGÞ ¼ ctðGÞ if and only if no ct-set of G is the unique ct-set containing
any of its proper subsets.

Theorem 8 Let G be a connected graph and let = be the set of relative complements
of the minimum forcing subsets in their respective minimum total dominating sets in
G. Then \F2=F is the set of total dominating vertices of G.

Theorem 9 Let G be a connected graph and W be the set of all total dominating
vertices of G. Then fctðGÞ� ctðGÞ � jW j.
Theorem 10 Let G be a connected graph with at least one universal vertex. Then

(i) fctðGÞ ¼ 0 if and only if G contains exactly one universal vertex.
(ii) fctðGÞ ¼ 1 if and only if G contains at least two universal vertices.

Theorem 11 Let G be a connected graph with ctðGÞ ¼ 2 and cðGÞ ¼ 4, where c(G)
is the length of a smallest cycle in G.

(i) Let DðGÞ ¼ 2: Then fctðGÞ ¼ 2 if and only if G ¼ C4.
(ii) Let dðGÞ ¼ 1: Then fct ðGÞ ¼ 1 if and only if G is the graph given Fig. 4.

Proof Let C : u, v, w, z, u be a smallest cycle in G. Since ctðGÞ ¼ 2, C is the only
smallest cycle in G.

(i) Let G ¼ C4. Then by Theorem 6, fctðGÞ ¼ 2. Conversely, let fctðGÞ ¼ 2. Let S
be a ct-set of G. Since ctðGÞ ¼ 2, G[S] is connected. Also since ctðGÞ ¼ fctðGÞ ¼ 2,
by Theorem 7, no ct-set containing any of its proper subsets. Since ctðGÞ ¼ 2 and
DðGÞ ¼ 2, S1 ¼ fu; vg, S2 ¼ fv;wg, S3 ¼ fw; xg and S4 ¼ fx; ug are the only four
ct-sets of G. Also since cðGÞ ¼ 4; uw; vx 62 EðGÞ. If any one of the vertices u, v, w, x
is a cut vertex of G, then any two Si ð1� i� 4Þ are the only ct-sets of G so that
fctðGÞ ¼ 1, which is a contradiction. Therefore G has no cut vertices. Hence it
follows that G ¼ C4.

(ii) Let G be the graph given in the Fig. 4. Then S1 ¼ fv1; v2g and S2 ¼ fv2; v3g
are the only two ct-sets of G so that fctðGÞ ¼ 1. Conversely, let fctðGÞ ¼ 1. Let S be a

Fig. 4 A graph with dðGÞ ¼ 1
and fct ðGÞ ¼ 0
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ct-set of G. Since fctðGÞ ¼ 1, by Theorem 7 (ii), G has at least two ct-sets such that
one of which is the unique ct-set containing one of its elements. Since ctðGÞ ¼ 2 and
G[S] is connected, S1 ¼ fu; vg and S2 ¼ fv;wg are the only two ct-sets of G. Since
ctðGÞ ¼ 2, G has no universal vertices. Also since dðGÞ ¼ 1, there exists x 2 V such
that x is adjacent to only the vertex v. Let us assume that degðxÞ ¼ 1. Therefore v is a
cut vertex of G. Suppose that there exists y 6¼ x such that vy 2 EðGÞ: Since
cðGÞ ¼ 4; yu; yw; yz; xy 62 EðGÞ. Therefore G is the graph given in Fig. 4, which
satisfies the requirements of this theorem. h

4 Realization Results

In this section, we present some graphs from which various graphs arising in later
theorem are generated using identification.

Definition 3 Let Pi : ui; vi;wi ð1� i� aÞ be a copy of path on three vertices. Let Ua

be the graph obtained from Pi ð1� i� aÞ by adding a new vertex x and join x with
each ui and wi ð1� i� aÞ.
Definition 4 Let Qi : xi; yi; zi; xi ð1� i� bÞ be a copy of cycle with three vertices.
Let Vi ð1� i� bÞ be a graph from Qi ð1� i� bÞ by introducing new vertices hi and
qi and introducing the edges xizi,xihi; yihi and ziqi. ð1� i� bÞ.
Definition 5 Let Ci : pi; qi; ri; si; ti; fi; pi ð1� i� cÞ be a copy of cycle with six
vertices. Let Zc be a graph obtained from Ci ð1� i� cÞ by identifying si�1 of Ci�1

with pi of Ci ð2� i� cÞ.
In view of Theorem 2, we have the following realization result.

Theorem 12 For every pair a,b of integers with 0� a\b and b� 1, there exists a
connected graph G such that fctðGÞ ¼ a and ctðGÞ ¼ b.

Proof Case 1. a ¼ 0; b� 1.
Subcase 1(i). a ¼ 0; b ¼ 1. Then the path G ¼ P3 satisfies the requirements of

this theorem.
Subcase 1(ii). a ¼ 0; b ¼ 2. Let the cycle C5 ¼ fv1; v2; v3; v4; v5; v1g. Let G be the

graph obtained from C5 by introducing the edge v1v4. Then S ¼ fv1; v4g is the
unique ct-set of G so that fctðGÞ ¼ 0 and ctðGÞ ¼ 2.

Subcase 1(iii). a ¼ 0; b� 3. Let G be the graph obtained from K1;b�1 by
subdividing each edge. Then V ðK1;b�1Þ is the unique ct-set of G so that fctðGÞ ¼ 0
and ctðGÞ ¼ b.

Case 2. 0\a\b.
Subcase 2(i). b ¼ aþ 1. Consider the graph G ¼ Ua. Let Hi ¼ fui;wig

ð1� i� aÞ. Then every total dominating set of G contains the vertex x and also
contains at least one element from each Hi ð1� i� aÞ and so ctðGÞ� aþ 1. Let
S ¼ fxg [ fu1; u2; :::; uag. Then S is a total dominating set of G so that
ctðGÞ ¼ aþ 1. Next we show that fctðGÞ ¼ a. By Theorem 9,
fctðGÞ� ctðGÞ � jxj ¼ aþ 1� 1 ¼ a. Now since ctðGÞ ¼ aþ 1 and every total
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dominating set of G contains x, it is easily seen that every ct -set of G is of the form
S1 ¼ fxg [ fc1; c2; :::; cag, where ci 2 Hi ð1� i� aÞ. Let T be any proper subset of
S1 with jT j\a. Then there exists some i such that T \ Hi = /, which shows that
fctðGÞ ¼ a.

Subcase 2(ii) b 6¼ aþ 1. Let P
0
i : hi; qi ð1� i� b� a� 1Þ be a copy path of order

2. Let G be the graph obtained from Ua and P
0
i ð1� i� b� a� 1Þ by joining the

vertex x with each hi ð1� i� b� a� 1Þ. First we claim that ctðGÞ ¼ b. Let Hi ¼
fui;wig ð1� i� aÞ. Let X ¼ fx; h1; h2; :::; hb�a�1g. It is easily observed that X is a
subset of every total dominating set of G and every total dominating set of G contains
at least one element from each Hi ð1� i� aÞ and so ctðGÞ� b� aþ a ¼ b. Let
S2 ¼ X [ fu1; u2; :::; uag. Then S2 is a total dominating set of G so that ctðGÞ ¼ b.
Next we show that fctðGÞ ¼ a. By Theorem 9,
fctðGÞ� ctðGÞ � jX j ¼ b� ðb� aÞ ¼ a. Now since ctðGÞ ¼ b and every total
dominating set of G contains X, it is easily seen that every ct -set of G is of the
form S3 ¼ X [ fc1; c2; :::; cag, where ci 2 Hi ð1� i� aÞ. Let T be any proper subset
of S3 with jT j\a. Then it is clear that there exists some i such that T \ Hi = /, which
shows that fctðGÞ ¼ a. h

By Theorem 4, for the complete graph G ¼ Knðn� 2Þ, fctðGÞ ¼ ctðGÞ ¼ 1. By
Theorem 5, for the complete bipartite graph G ¼ Kr;sð2� r� sÞ, fctðGÞ ¼ ctðGÞ ¼ 2.
Also from Theorem 6, for the cycle G = C6, fctðGÞ ¼ ctðGÞ ¼ 4. So, we leave the
following as a open question.

Problem 1 For every integer a� 1, does there exist a connected graph G such that
fctðGÞ ¼ ctðGÞ ¼ a?

For a connected graph G, we know that cðGÞ� ctðGÞ. But from Example 1, we
observed that there is no relationship between fcðGÞ and fct ðGÞ. In the following we
give some realization results.

Theorem 13 For every integer a� 0, there exists a connected graph G such that
fcðGÞ = fctðGÞ ¼ a.

Proof Case 1. a ¼ 0; b ¼ 0. Let C6 ¼ fv1; v2; v3; v4; v5; v6; v1g. Let G be the graph
obtained from C6 by introducing the vertex v7 and the edges v1v7 and v1v4. Then
S ¼ fv1; v4g is the unique c-set as well as the unique ct-set of G so that
fctðGÞ ¼ fcðGÞ ¼ 0.

Case 2. a� 1.
Subcase 2(i). a ¼ 1. Then the graph G given in Fig. 3 satisfies this requirements

of this theorem.
Subcase 2(ii). a� 2. Let G ¼ Uaða� 2Þ. First we show that cðGÞ ¼ a. Let

Hi ¼ fui;wigð1� i� aÞ. Then every dominating set of G contains the vertexx x and
contains at least one element from each Hið1� i� aÞ and so cðGÞ� aþ 1. Let
S1 ¼ fxg [ fu1; u2; :::; uag. Then S1 is a dominating set of G so that cðGÞ ¼ aþ 1.
Next we show that fcðGÞ ¼ a. By Theorem 1, fcðGÞ� cðGÞ � 1 ¼ aþ 1� 1 ¼ a.
Now since cðGÞ ¼ aþ 1 and every dominating set of G contains x and contains at
least one element from each Hi ð1� i� aÞ; it is easily seen that every c-set of G is of
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the form S2 ¼ fxg [ fc1; c2; :::; cag, where ci 2 Hi ð1� i� aÞ. Let T be any proper
subset of S2 with jT j\a. Then it is clear that there exists some i such that T \ Hi =
/, which shows that fcðGÞ ¼ a.

Next we claim that ctðGÞ ¼ aþ 1. Now every total dominating set of G contains
the vertex x and contains at leat one element from each Hi ð1� i� aÞ and so
ctðGÞ� aþ 1. Now S3 ¼ fxg [ fu1; u2; :::; uag is a total dominating set of G so that
ctðGÞ ¼ aþ 1. Next we show that fctðGÞ ¼ a. By Theorem 9,
fctðGÞ� ctðGÞ � 1 ¼ aþ 1� 1 ¼ a. Now since ctðGÞ ¼ aþ 1 and every total
dominating set of G contains x and contains at least one element from each Hi

ð1� i� aÞ, every ct-set of G is of the form S4 ¼ fxg [ fc1; c2; :::; cag, where ci 2 Hi

ð1� i� aÞ. Let T be any proper subset of S4 with jT j\a. Then there exists some i
such that T \ Hi = /, which shows that fctðGÞ ¼ a. h

Theorem 14 For every pair a,b of non negative integers, there exists a connected
graph G such that fctðGÞ ¼ a and fcðGÞ ¼ b.

Proof Case 1. 0� a� b
Subcase 1(i). 0� a ¼ b. Then the graph G constructed in Theorem 13 satisfies the

requirements of this theorem.
Subcase 1(ii). a ¼ 0; b ¼ 1. Then the graph G constructed in Subcase 1(i) of the

Theorem 12 satisfies the requirement of this theorem.
Subcase 1(iii). a ¼ 0; b� 2. Let G be the graph obtained from the copy Vi

ð1� i� bÞ by adding a new vertex x and introducing the edges xhi; xyi; xqi
ð1� i� bÞ. First we show that cðGÞ ¼ bþ 1. Let Ti ¼ fxi; yi; zig ð1� i� bÞ. Then
every dominating set of G contains the vertex x and contains at least one vertex from
each Ti ð1� i� bÞ and so cðGÞ� bþ 1. Let S ¼ fx; y1; y2; :::; ybg. Then S is a c-set
of G so that cðGÞ ¼ bþ 1. Next we show that fcðGÞ ¼ b. By Theorem 1,
fcðGÞ� cðGÞ � 1 ¼ bþ 1� 1 ¼ b. Now since cðGÞ ¼ bþ 1 and every dominating
set of G contains x, it is easily seen that every c-set of G is of the form
S1 ¼ fxg [ fc1; c2; :::; cbg, where ci 2 Ti ð1� i� bÞ. Let T be any proper subset of
S1 with jT j\b. Then it is clear that there exists some i such that T \ Ti = /, which
shows that fcðGÞ ¼ b. Next we prove that ctðGÞ ¼ bþ 1 and fctðGÞ ¼ 0. Now every
ct-set of G contains the vertex x and contains only the vertex yi from each Ti
ð1� i� bÞ and so ctðaÞ� bþ 1: Then S ¼ fx; y1; y2; ::ybg is the unique ct-set of G so
that ctðGÞ ¼ bþ 1 and fctðGÞ ¼ 0.

Subcase 1(iv). 0\a\b. Let G be the graph obtained from Ua and the copy Vi

ð1� i� b� aÞ by introducing the edges xhi; xyi and xqi ð1� i� b� aÞ. Let Hi ¼
fui;wig ð1� i� aÞ and Ti ¼ fxi; yi; zig ð1� i� b� aÞ. Then every dominating set of
G contains the vertex x and at least one element from each Hið1� i� aÞ and contains
at least one element from each Tið1� i� b� aÞ and so
cðGÞ� b� aþ aþ 1 ¼ bþ 1. Now S2 ¼ fxg [ fu1; u2; :::; uag [ fy1; y2; :::; yb�ag
is a dominating set of G so that cðGÞ = bþ 1. Next we show that fcðGÞ ¼ b. By
Theorem 1, fcðGÞ� cðGÞ � 1 ¼ bþ 1� 1 ¼ b. Now since cðGÞ ¼ bþ 1 and every
dominating set of G contains x, every c-set of G is of the form
S3 ¼ fxg [ fc1; c2; :::; cag [ fd1; d2; :::; db�ag, where ci 2 Hi ð1� i� aÞ and di 2
Ti ð1� i� b� aÞ. Let T be any proper subset of S3 with jT j\b. Then it is clear that
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there exist some i and j such that T \ Hi \ Tj ¼ /, which shows that fcðGÞ ¼ b.
Next we show that ctðGÞ ¼ bþ 1. Let X ¼ fx; y1; y2; :::; yb�ag. Then X is a subset

of every total dominating set of G and every total dominating set of G contains at
least one vertex from each Hi ð1� i� aÞ and so ctðGÞ� b� aþ aþ 1 ¼ bþ 1. Let
S4 ¼ X [ fu1; u2; :::; uag. Then S4 is a total dominating set of G so that
ctðGÞ ¼ bþ 1. Next we show that fct ðGÞ ¼ a. By Theorem 9, fctðGÞ� ctðGÞ � jX j
= bþ 1� ðb� aþ 1Þ ¼ a. Now since ctðGÞ ¼ bþ 1 and every total dominating set
of G contains X, every ct-set of G is of the form S5 ¼ X [ fc1; c2; :::; cag, where
ci 2 Hi. Let T be any proper subset of G with jT j\a. Then there exists some i such
that T \ Hi = /, which shows that fctðGÞ ¼ a.

Case 2. 0� b� a
Subcase 2(i). 0� b ¼ a. Then the graph G constructed in Theorem 13 satisfies the

requirements of this theorem.
Subcase 2(ii). b ¼ 0; a ¼ 1. Then the graph G given in Fig. 2 satisfies the

requirements of this theorem.
Subcase 2(iii). b ¼ 0; a� 2. Let Q be a graph obtained from C6 by introducing the

edge v1v4. Let H be the graph obtained from Za and Q by identifying the vertex sa of
Za and v1 of Q. Let G be a graph obtained from H by introducing the vertex u and v
and the edges p1u and p1v. First we show that cðGÞ ¼ aþ 2 and fcðGÞ ¼ 0. Let
X ¼ fp1; p2; p3; :::; pa; v1; v4g. Then X is a subset of every dominating set of G and so
cðGÞ� aþ 2. Since X is the unique c-set of G, cðGÞ ¼ bþ 2 and fcðGÞ ¼ 0. Next
we claim that ctðGÞ ¼ 2bþ 2. Let Ji ¼ ffi; qig ð1� i� aÞ. Let
X ¼ fp1; p2; p3; :::; pb; v1; v5g. Then X is a susbet of every total dominating set of
G. Also it is easily seen that every total dominating set of G contains at least one
vertex from each Ji ð1� i� bÞ and so ctðGÞ� 2aþ 2. Let S6 ¼ X [ ff1; f2; :::; fag.
Then S6 is a total dominating set of G so that ctðGÞ ¼ 2aþ 2. Next we claim that
fctðGÞ ¼ a. By Theorem 9, fctðGÞ� ctðGÞ � jX j ¼ 2aþ 2� ðaþ 2Þ ¼ a. Now since
ctðGÞ ¼ 2aþ 2 and every total dominating set of G contains X, every ct-set of G of
the S7 is of the form S7 ¼ W [ fc1; c2; :::; cag, where ci 2 Ji ð1� i� aÞ. Let T be any
proper subset of S7 with jT j\a. Then there exists some i such that T \ Ji = /, which
shows that fctðGÞ ¼ a.

Subcase 2(iv). 0\b\a Let H be the graph obtained from Za�b and Q by
identifying the vertex sa�b of Za�b and v1 of Q. Let G be the graph obtained from H
and Ub by introducing new vertices y, u and v and the edges yx; p1u ans p1v. First we
claim that fcðGÞ ¼ b and let Hi ¼ fui;wig ð1� i� bÞ. Let
X ¼ fx; p1; p2; :::; pa�b; v1; v4g. Then any c-set is of the form
S8 ¼ X [ fc1; c2; :::; cbg, where ci 2 Hið1� i� bÞ. Then as in earlier cases it can
be seen that fcðGÞ ¼ b. Next we show that fctðGÞ ¼ a. Let Ji ¼ ffi; qig
ð1� i� a� bÞ. Then any ct-set of G is of the form is of the form
W ¼ X [ fc1; c2; :::; cbg [ fd1; d2; :::; da�bg, where ci 2 Hi ð1� i� bÞ and di 2 Ji
ð1� i� a� bÞ. Then as in earlier cases it can be easily seen that fctðGÞ ¼ a. h

Remark 1 For the graph G given in Fig. 5, S ¼ fv2; v4g is the unique c-set of G so
that cðGÞ ¼ 2 and fcðGÞ ¼ 0. Also S1 ¼ fv2; v3; v4g and S2 ¼ fv2; v4; v5g are the
only two ct-sets of G so that ctðGÞ ¼ 3 and fct ðGÞ ¼ 1. Thus
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fcðGÞ\fctðGÞ\cðGÞ\ctðGÞ. For the path G ¼ P7, by Theorem 3, ctðGÞ ¼ 4 and
fctðGÞ ¼ 1. Also cðGÞ ¼ 3 and fcðGÞ ¼ 2. Thus fctðGÞ\fcðGÞ\cðGÞ\ctðGÞ. For
the cycle G ¼ C6, by the Theorem 6, ctðGÞ ¼ fctðGÞ ¼ 4. Also cðGÞ ¼ 3, fcðGÞ ¼ 1,
Thus fcðGÞ\cðGÞ\fctðGÞ ¼ ctðGÞ.

So we leave the following as an open question.

Problem 2 For every four positive integers a,b,c,d with a� 0, b� 0, 1� c� d,
0� b� d and d� 1, does there exist a connected graph G such that fcðGÞ ¼ a and
fctðGÞ ¼ b, cðGÞ ¼ c, ctðGÞ ¼ d?

5 The Upper Forcing Total Domination Number of a Graph

In [8], Zhang introduced the concept of the upper forcing geodetic number of a
graph. In a similar manner we define the upper forcing total domination number of a
graph as follows.

Definition 6 Let G be a connected graph with at least two vertices and S a ct-set of
G. A forcing subset T � S uniquely determines S containing T. A forcing subset for S
of minimum cardinality is a minimum forcing subset of S. The forcing total
domination number of S, denoted by fctðSÞ, is the cardinality of a minimum forcing
subset of S. The forcing total domination number of G, denoted by fctðGÞ is defined
by fctðGÞ = min ffctðSÞg, where the minimum is taken over all minimum total
dominating sets S in G and the upper forcing total domination number of G, denoted
by f þct ðGÞ ¼ maxffct ðSÞg, where the maximum is taken over all ct-sets S in G.

The next theorem follows immediately from the definition of the total domination,
forcing total domination and the upper forcing total domination numbers of a graph
G.

Theorem 15 For every connected graph G, 0� fctðGÞ� f þct ðGÞ� ctðGÞ and

ctðGÞ ¼ 3

Remark 2 For the graph G given Fig. 2, fct ðGÞ ¼ 1, f þct ðGÞ ¼ 2 and ctðGÞ ¼ 3. So,

we leave the following as an open question.

Fig. 5 A graph with fcðGÞ ¼ 0
and fct ðGÞ ¼ 1
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Problem 3 For any three positive integers a,b and c with 0� a� b� c and c� 1
does, there exists a connected graph G with fct ðGÞ ¼ a, f þct ðGÞ ¼ b and ctðGÞ ¼ c?
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